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Abstract

We consider the evolution of compact surfaces by fully non-
linear, parabolic curvature flows for which the normal speed is
given by a smooth, degree one homogeneous function of the prin-
cipal curvatures of the evolving surface. Under no further restric-
tions on the speed function, we prove that initial surfaces on which
the speed is positive become weakly convex at a singularity of the
flow. This generalises the corresponding result [26] of Huisken
and Sinestrari for the mean curvature flow to the largest possible
class of degree one homogeneous surface flows.

1. Introduction

Given a smooth, compact surface immersion Xy : M? — R3, we
consider smooth families X : M2 x [0,T) — R3 of smooth immersions

X (-, t) solving the curvature flow
0X
(11) E(xat) - —S(l’,t)l/(.’ﬂ,t)
X(x,0) = Xo(),

where v(x,t) is a choice of unit normal at (x,t), and the speed s is given
by a smooth, symmetric function f of the principal curvatures ki (x,t),
ko(x,t) with respect to v(z,t). That is,

(1.2) s(x,t) = f (k1 (x,t), k2 (x,t)) .
We require that the speed function f satisfy the following conditions:

Conditions 1.1.
(i) that f € C*(T), where T' C R? is an open, symmetric, connected

cone;
(ii) that f is strictly increasing in each argument: % > 0in [, for
1=1,2;

(iii) that f is homogeneous of degree 1: f (kx) = kf (x) for any k > 0
and any x € I'; and
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(iv) that f is positive on T.

Note that we lose no generality by assuming further that I' contains
(1,1) and f is normalised such that f(1,1) = 1. Furthermore, since
f is symmetric, we may at each point (x,t) € M x [0,T) assume that
/{2(377 t) > /411(51;, t)'

We note that Condition (ii) ensures that (1.1) is, locally, a parabolic
system. Short-time existence and uniqueness of solutions can be inferred
using standard techniques (see [19, 13, 18]), so long as the principal
curvatures of the initial immersion lie in I'.

The following examples illustrate the class of flows and initial surfaces
considered.

Examples. The following speed functions satisfy Conditions 1.1:

1) The mean curvature: f(z1,z2) = x1 + x2 on the half-space T' =
{(z1,22) € R? : 2y + 25 > 0}. 1

2) The power means: f(z1,z2) = (Jz1|° + |22|%)7, B € R, on the
positive cone I' =T",.

3) Positive linear combinations of functions satisfying Conditions 1.1:
If f1, ..., fx satisfy Conditions 1.1 on T, then, for all (s1,...,sk) €
Fﬁ, the positive cone in R¥, the function f = sifi+-- -+ spfi sat-
isfies Conditions 1.1 on T'. For example, the function f(x1,x2) =
1 + x9 + \/ZL‘% + x% is admissible on the cone I'y. (In fact, this
speed is admissible on the much larger cone I' = {(z1,72) € R? :
max{zy,z2} > 0} ).

4) Homogeneous combinations of functions satisfying Conditions 1.1:
Let ¢ : F’}r — R be smooth, homogeneous of degree one, monotone
increasing in each argument, and strictly increasing in at least
one argument. Then, if f1,..., fr satisfy Conditions 1.1 on I, the
function f(xz1,22) == ¢(f1(x1,22),..., fr(x1,x2)) satisfies Condi-
tions 1.1 on T".

5) A general construction: Write x1,xo in polar coordinates (r,0)

defined by

sz, 0089:&, ginf— 2~
2T+ 3) NEET)
Then, writing f = r¢(6), Conditions 1.1 become
¢ >0
and

A(f) < ¢ < B(),
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where
A(f) = cosbising = _3r/4 < 0 < m/4;
and
B(9) = {oena —7/4 < 6 < 31/4
cos 0+sin 6 - '

Therefore, given any smooth, odd function ¢ : (—c,c) — R, with
0 < ¢ < 3w/4, satisfying A(8) < ¥(0) < B(#), we can construct
an admissible speed function f = r¢(0) on the cone {—c < 0 < ¢}

by taking ¢ = eft;9 ¥(o)do

Curvature problems of the form (1.1), for which the speed f satis-
fies Conditions 1.1, have been studied extensively, both for surfaces in
R3 and for higher dimensional Euclidean hypersurfaces. In particular,
when the initial (hyper)surface Xo : M — R"*! (n > 2) is convex, much
is known about the behaviour of solutions. Huisken [24] showed that
convex hypersurfaces (n > 2) flowing by mean curvature remain convex
and shrink to round points, ‘round’ meaning that a suitable rescal-
ing converges smoothly to the sphere. These results were extended by
Chow to flows by the n-th root of the Gauss curvature [15], and, in
the presence of a curvature pinching condition, the square root of the
scalar curvature [16]. Each of these speeds satisfy Conditions 1.1, with
=T7%:={xeR": 2 >0 forall i}, the positive cone. More gen-
eral degree one homogeneous speeds were treated by the first author in
[3, 5, 6], where it was shown that a very general class contract convex
hypersurfaces to round points. In fact, when the dimension of the hy-
persurface is 2, it was shown in [8] that no additional restrictions on the
speed are necessary; that is, all surface flows with speeds satisfying Con-
ditions 1.1 (i)-(iii) on I' = I'y shrink convex surfaces to round points.
Note that one cannot hope to extend this result to higher dimensions,
since, in that case, there exist smooth, homogeneous degree one speeds
that do not preserve convexity of the initial hypersurface [12, Theorem
3].

It is true in general (Proposition 2.6) that flows (1.1) satisfying Con-
ditions 1.1 remain smooth until the curvature blows-up (after a finite
time), just as for convex surfaces. On the other hand, if the initial
surface is not convex, the behaviour of solutions near a singularity is
potentially more complicated than that of the shrinking sphere. For
the mean curvature flow, a crucial part of the current understanding of
singularities is the asymptotic convexity estimate of Huisken and Sines-
trari [26] (see also White [38]), which states that any mean convex
initial surface becomes weakly convex at a singularity. This estimate is
an analogue for extrinsic flows of the famous Hamilton-Ivey estimate for
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three-dimensional Ricci flow [23, 28]. In conjunction with the mono-
tonicity formula of Huisken [25] and the Harnack inequality of Hamilton
[22], the convexity estimate yields a rather complete description of sin-
gularities in the positive mean curvature case. In particular, asymptotic
convexity is necessary in order to apply the Harnack inequality to show
that ‘fast-forming’ or ‘type-II’ singularities are asymptotic to convex
translation solutions of the flow. For other flows, the understanding
of singularities is far less developed, for several reasons: First, there is
no analogue available for the monotonicity formula, which shows that
‘slowly forming’ or ‘type-I’ singularities of the mean curvature flow are
asymptotically self-similar. Second, there is in general no Harnack in-
equality available sufficient to classify type-II singularities, although the
latter is known for quite a wide sub-class of flows [4]. And finally, until
recently, there was no analogue of the Huisken-Sinestrari asymptotic
convexity estimate for most other flows, with the notable exception of
the result of Alessandroni and Sinestrari [1], which applies to a spe-
cial class of flows by functions of the mean curvature having a certain
asymptotic behaviour. In a companion paper [11], the authors prove
that an asymptotic convexity estimate holds for fully non-linear flows
(1.1) satisfying Conditions 1.1 if, in addition, the speed f is a convex
function. The main purpose of this paper is to show that an asymptotic
convexity estimate holds in surprising generality for flows of surfaces;
namely, the assumption that f is convex is unnecessary:

Theorem 1.2. Let X : M? x [0,T) — R3 be a solution of (1.1) for
which f: T — R satisfies Conditions 1.1. Then for any € > 0 there is a
constant Ce such that for all (x,t) € M x [0,T) we have

ki(z,t) > —es(z,t) — C:.

Applications of the convexity estimate are discussed in [11]. In par-
ticular, the Harnack inequality [4] yields a description of type-II sin-
gularities analogous to that of the mean curvature flow, as long as the
speed f satisfies a certain concavity condition on the positive cone (this
condition is satisfied, for example, if f is convex, or inverse-concave). If
the speed function is concave, then the results of [10] may be used to
rule out singular profiles such as G x R, where G is the Grim Reaper
curve.

It is worth noting that Theorem 1.2 cannot be expected to hold in
higher dimensions without additional conditions on the speed function
(such as convexity) since, in general, quite different behaviour is possi-
ble; there are, for example, concave speed functions that permit loss
of convexity, as mentioned earlier. The special feature of the two-
dimensional case is that the ‘difficult’ terms involving first derivatives
which arise in the evolution of the second fundamental form, which
must normally be controlled by assuming some concavity condition on
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the speed function, turn out under careful inspection to be automati-
cally favourable to preserve bounds on the ratios of principal curvatures.
This observation was first made in [9], where it was used to show that
convex surfaces contract to round points for a similarly general class of
speeds, and has also been used in [32] to show that compact self-similar
solutions of a wide variety of flows are spheres. Similar ideas are also
present in [34], where they are used to obtain convergence to round
points under the flow with speed given by |h|?, the squared norm of the
second fundamental form.

We remark that the proof of Theorem 1.2 utilises a Stampacchia
iteration procedure analogous to those of [24, 26, 27], whereas the result
of [1] is proved more directly, using the maximum principle.

2. Preliminaries

The curvature function f is a smooth, symmetric function defined
on a symmetric cone. Denote by Spr the cone of symmetric 2 x 2
matrices whose eigenvalue pair, A\ := (A1, \2), lies in I'. A result of
Glaeser [20] implies that there is a smooth, GL(2) invariant function
F : St — R such that f(A(A)) = F(A), where A(A) = (A (4), \2(4))
are the eigenvalues of A. The GL(2) invariance of F' implies that the
speed s(z,t) = f(k1(x,t), ke(x,t)) is a well-defined smooth function of
the Weingarten map, W; that is, s(x,t) = FOW(x,t)) := F(W), where
W (z,t) is the component matrix of W(z,t) with respect to some basis of
endomorphisms of T, M. If we restrict attention to orthonormal bases,
then W,/ = hij(z,t), where h;; are the components of the second funda-
mental form h (which is the bilinear form related to the endomorphism
W by the metric). This point of view will be more convenient.

We shall use dots to indicate derivatives with respect to the principal
curvatures and the second fundamental form; for example,

N d
Fui= | F(A+ s0)
ds|,_
d?
7 Nvivj == —=1 f(A+sv)
ds s=0
FI(A)B;j := 4 F(A+ sB)
ds|,_g
.. d?
FPS(A)ByyByo = 5| F(A+sB).
ds?|._,

Note that the summation convention is used here, and throughout. The
derivatives of f and F are related in the following way [17, 3, 8]: If A
is a diagonal, and B a symmetric matrix, then

FH(4) = fR(A(A))0M,
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anda if )\1("4) 7é )‘Q(A)a
FP45(A) Byg Brs = fP1(A(A)) BypByg

PO — FOA) -
A(A) —rg(d) (Do)

+2)

p>q

In fact, the latter identity makes sense as a limit if A\; = Ay. Therefore,

in particular, in a local orthonormal frame of eigenvectors of W, we
have

(2.1) FROW) = ()t

and,

.. .. P(r) — 4
(2.2) FP90 W) By By = FP() BypBq + 237 L0 =0 (5 2.
Kp = Kq
p>q
In what follows, we will drop the arguments when F and f, and their
derivatives, are evaluated at W or . This convention makes the nota-
tion s for the speed obsolete, and we henceforth replace it by F. That
is, we identify F'(z,t) = F(W(x,t)). We remark that the preceding dis-
cussion depends only on the fact that f is a smooth, symmetric function
defined on an open, symmetric cone, and not on any properties of the
flow.
We now note the following evolution equations, which are well known
(see, for example, [24, 3, 12]).

Lemma 2.1. Under the flow (1.1),
(i) Orgij = —2F hyj ;
(i) (0 — L)F = F¥h"h,yF ; and
(i1i) Oydp = —HF dp,
where g;; denote the components of the induced metric, u denotes the
induced measure, and L denotes the (elliptic) operator F¥'N,V; (where
V is the induced Levi-Civita connection).
Moreover, given any smooth, symmetric function g : I' — R, the
corresponding curvature function G := g(k) evolves according to

(iv) (= L£)G = (GHPPars — FHEPIT) Wy Vihy + GIhy FHRE,
where h%l = h" oy -
Consider the evolution equation for F' in statement (ii) of Lemma 2.1.

The identity (2.1) implies that, in an orthonormal frame of eigenvectors
for W,

(2.3) R by = fiR2>0.

Therefore, since F' > 0, the maximum principle implies that the mini-
mum of F' cannot decrease under the flow. In particular, since Euler’s
Theorem for Homogeneous Functions implies f(k1, ko) = flr1 + [k,
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we find that the largest principal curvature of the solution remains posi-
tive. In fact, a time dependent lower bound for the speed is also possible
(see Lemma 2.5).

Now consider a smooth, symmetric, degree zero homogeneous func-
tion g : I' = R. By Euler’s Theorem, we have that the corresponding
curvature function: G = g(k1, k2) evolves under (1.1) according to

(2.4) (0 — L)G = (GFEPars — FRGPLTSY, b Vihys .

The following lemma helps us to find preserved curvature cones. It
is proved in [9, Proposition 2|, but we give the argument here as the
computations will be useful in what follows.

Lemma 2.2. Let g : I' = R be a smooth, symmetric, homogeneous
degree zero function, and denote by G = G(W) = g(k) the corresponding
curvature function. Then, at any spatial stationary point of G for which
G is non-degenerate, it holds that

(GHEPLTs — RGPSV

2F ¢! 2 2
= /-@(Tgim) {(Vlhlz) + (V2hi2) } :

Proof. We first show that k1 # 0 and kg # k1 wherever G is non-
degenerate. We compute in an orthonormal basis of eigenvectors of W at
any point where G is non-degenerate. Then, by (2.1), GHl = gkgkl and
it follows that g* # 0 for each k. Since g is homogeneous of degree zero,
Euler’s Theorem implies §'x1 + ¢?k2 = 0. First suppose that ki = Ko,
then we must have ¢ = —¢'. But ¢ is symmetric, which implies, ¢! = ¢?
whenever k9 = k1. It follows that G = 0, a contradiction. Therefore
Ko # K1 wherever G is non-degenerate. Now suppose k1 = 0. Then,
again from Euler’s Theorem, ¢?x = 0. But sg > 0, so that ¢ = 0,
another contradiction. Hence k1 # 0 wherever G is non-degenerate.

Now, from (2.2), the non-zero components of F' (and similarly for G)
are given by

L f'11_ 1122 _ 2201 f‘m.
(2.5) . 2 f1

p2222 _ 2. pl212 _ pe12l
- bl

K2 — R1 .
Therefore, defining R; := F kl(’ipkahmvlhm, we have
Rl _ flgll(V1h11)2 + f2g22(v1h22)2 + f1§22(V1h22)2
+ 25" (Vahi1)? + 2f1G'2V 1 k11 Vihoy 4+ 22§12V ah11 Vahao

-3 P-4
Ko — K R2 — R1

. 1 .
+2f* X (Vihio)? + 22 (Vahia)?.
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This may be written in terms of VG = quvkhpq = ¢'Vih11+*Vihao
as follows:

A1
2L V.GV ihay <;q'12 - %"
g

2
+ 2J9.02V2G Vahiy <§12 - 92922>
») 22 21
+ fl%(vlhm)Q (S.Jlgn 9§12 4 $'12§22>
g g
29" 2 (9 12, 9.1
+f ?(Vﬂbn) (gQQ —25° + EQ >

+2flg (Vlhlg) +2f2'g (Vghlg) .

Ko — K Ko — K1

But note that, due to Euler’s Theorem, any smooth, homogeneous de-
gree v function k of two variables, y1, y2, satisfies the following identities,

kly + Eya = vk
kllyl + ]%12y2 _ (,}/ o 1)]{71 :
k22y2 + k}lel _ (,y . 1)k2 :
and k" (y1)” 4 26y + K (12)? = (v — Dk

Since the first of these identities implies ¢%/g' = —k1 /K2, the following
three imply

fl f2 -22 ]c'-l
Ry = (le) + 77(V2G) — 2*V1G Vihao
g g g
fi 09 2
— 2 VQG Vohi1 + 2f Ky — (Vlh ) +2f iy — (Vghlg) .

We can play a similar game with Ry := leﬁpwsvkhmvlhm. We find

fll f22

Ry = =+ (V1G)* +

L e Sk

Ko — K —

5 (V2G)?

(V2h12) .
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Therefore,
R := R2 — R1
f'11 fl G ) f'22 f»2 §22 )
(27) = (gl - gilgil (VIG) + 972 - ?972 (VQG)
f! f?
+2—V1G Viha +2—V2G Vahiy
K92 K1
2142 241
PP it [(V1h12)? + (V2hi2)?] .
K9 — K1

The first four terms vanish at a spatial critical point of G and the
coefficient of the final term is

A et Y N S 07 R
K92 — K1 HQ(KQ — Hl) HQ(HQ — Hl)
This completes the proof. q.e.d.

Corollary 2.3. Define co := minysy {0y % Then
H($7t) > Co‘h(l‘,t”
for all (x,t) € M x [0,T).

Proof. Define
K1+ K9 . H

g(K1,K2) i= —= = .
VKT + K3 |l

Then, assuming ks > k1, we have,

k1 1+7r
K1,k2) = — | ,  where r) = ——
g(k1, K2) ¢<n2) o(r) Mg
Therefore,
: K 1 . K1\ K
gl(fﬁ, Ka) = ¢’ <1> — and gQ(Hl, ko) = —¢' <1> %
K2/ K2 K2 ) K35
Now, ¢'(r) = @% It follows that G is degenerate only if either

k1 =0 or K1 = k2. Since ¢(r) < ¢(0) whenever r < 0, we cannot have
k1 = 0 or kK1 = Ko at a minimum point of g unless the surface is weakly
convex. On the other hand, at a non-convex point, we have % < 0,
so that ¢! < 0. In view of Lemma 2.2, the result now follows from the

maximum principle. q.e.d.

Now define the cone I'y, := {z € R? : 21+ 2 > co\/2? + 235}. Then,
by the definition of ¢y, we have T, \ {0} C I'. Tt follows that the slices
Ko =T, N{x €R? : |z| = C > 0} are compact. Since the speed (and
hence also k2) remains positive under the flow, Corollary 2.3 implies
that the cone I, is preserved. This observation allows us to obtain
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useful estimates on homogeneous quantities. For example, we find that
the flow is uniformly parabolic:

Corollary 2.4. There is a constant c¢; > 0 for which
1 .
(2.8) g < FR < o gM!
C1

along the flow, where g are the components of the inverse cometric.

Proof. Since T, \ {0} C T is preserved by the flow (Corollary 2.3),
it suffices to estimate F¥ on T, \ {0}. Since f* > 0 on T for each i,
we have positive lower bounds for each fl on the compact set K :=
[,,N{z €T : |z =1} c I. The degree zero homogeneity of f’ in
x implies that these bounds extend to the entire cone I'c, \ {0}. The
claim now follows, since, by (2.1), Fi = fi§% in an orthonormal frame
of eigenvectors of the Weingarten map. q.e.d.

As promised, this leads to a time dependent lower bound for the
speed:

Lemma 2.5. There is a constant ¢ > 0 such that
Fmin (O)
NETmTT

where Fiin (0) = minysy g0y F > 0.

F >

Proof. Applying the maximum principle to the evolution equation for
F', we have that
d
dt
at almost every ¢ in the interval of existence of the solution. In order to
get the time dependent lower bound, we need to establish an estimate
of the form
fid

(2.9) Q= 7

The result then follows from the maximum principle by comparing Fiin
with the solution of the ordinary differential equation

Fmin (t) > Fklhkmhranmin (t) = f.iRiFmin(t)

>c>0.

Since T, \ {0} C T is preserved by the flow (Corollary 2.3), it suffices
to estimate @ on ', \ {0}. Now, for each i, fi>0onT, so we have a
positive lower bound for f—2 f’m? on the compact slice K := T, N {z €
I' : |x| = 1}. But this bound extends to the whole cone I';, \ {0} since
f2 f”/ﬁ? is homogeneous of degree zero in the principal curvatures.
q.e.d.
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REMARK. Lemma 2.5 motivates the distinction between type-I (or
slow) and type-II (or fast) singularities, just as for the mean curvature
flow. That is, those for which the curvature satisfies

c
max |h| < ————
Mx{t} 2T — 1)

for some C' > 0, and those for which it does not, respectively.

It follows from the preceding lemma that smooth solutions of the flow
can only exist for a finite time. We now show that a singularity cannot
occur whilst the curvature is bounded.

Proposition 2.6. If f satisfies Conditions 1.1 and the principal
curvatures of Xo : M — R" lie in T, then the solution of equa-
tion (1.1) exists on a mazimal time interval [0,T), with T < oo, and
maxyry gy [h| — o0 ast — T.

Proof. The proof is similar to that of the mean curvature flow [24].
We have already mentioned that T' < co. Contrary to the statement of
the Proposition, suppose that max s (4 \h|2 < C fort — T. We will
show that this implies that X (-,¢) approaches a smooth limit immer-
sion, X7 whose principal curvatures, by Corollary 2.3 and Lemma 2.5,
must lie everywhere in I'. This immersion could then be used as initial
data in the short time existence result, extending the solution smoothly,
contradicting the maximality of T'.

From the evolution equation (1.1), we have for any x € M,

to
| X (z,t2) — X (x,t1)| < F (z,7)dr,
t1

where 0 < t; <ty <T. Applying Conditions 1.1, we have
f (Kvla /’7/2) < f (’{maxa /‘imax) = Kmax < |h| < \/5,

so X (-, t) tends to a unique, continuous limit X (-,7) as t — T.
We now show that the limit is an immersion. We recall the following
theorem:

Theorem 2.7 (Hamilton [21]). Let g;; be a time dependent metric
on a compact manifold M for 0 <t <T < oco. Suppose

T
(2.10) /() max | = gij

Then the metrics g;j (t) for all different times are equivalent and they
converge as t — T uniformly to a positive definite metric tensor g;; (T')
which is continuous and also equivalent.

dt < C < o0.

To apply Theorem 2.7, we use the evolution equation for the metric,
Lemma 2.1 (i). Since |h| is bounded and T' < oo, (2.10) is satisfied.
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It remains to show that the resulting hypersurface Mr is smooth.
To do this we can use a simplification of the argument for long time
regularity in [31]. Writing our evolving surface locally as a graph ¢ :
U CR?x[0,T) — R3 given by

o (x,t) = (2,2 (x,1))
and incorporating a tangential diffeomorphism into the flow (1.1) such

that this parametrisation is preserved, the graph height evolves accord-
ing to

(2.11) gi = —\/1+ |Dz|’F = Fiig, ' D;.D;z,

where D is the ordinary derivative on R2.

The matrix product g_lF can be rewritten as gF ¢ for the symmetric
square root of the matrix of the inverse metric g, as in [37]. So, in view
of (2.8), the equation (2.11) is uniformly parabolic.

The evolution equation for F' in the local graph setting follows from
Lemma 2.1, (ii):

%—IZ = Fg DD F — g7 F9T ' D F + F¥ by ™ by F

and is likewise uniformly parabolic. Here Fijk, the connection coeffi-
cients of the evolving metric, do not depend on second derivatives of F.
Moreover, the assumed curvature bound implies that the first deriva-
tives of z are bounded locally. Indeed, writing z; = 8872;7 in the local
graph parametrisation, the spatial derivatives of z and the Weingarten
map are related by

0 Z; 1 22k
(212)  — J - <5i,€ _ 2> -
= — ht.

;e
Now ]h|2 < C implies that we have bounds for each trace element of the
Weingarten map

—V/C <h; <VC.

Integrating (2.12) with respect to x; from the origin of the local parametri-
sation then yields

VO < —— <Oy

\/1+|Dz?

Squaring, and summing over 4, it follows that
Dz|?

|7|2 <C |x|2
1+ |Dz|

9
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so |Dz| is locally bounded (by 1, for example, on {|x\ < %})

A well-known result of Krylov-Safonov [29] now implies that z and F'
are C%# in spacetime. Now C?# regularity in spacetime follows using
results from [14] and [7], as in [31]. We note that the estimates of [7]
do not require any concavity condition on F'. Higher regularity follows
by parabolic Schauder estimates (see, eg [30]), giving bounds in C%”
for all £. These local estimates depend only on the curvature bound,
and are easily extended to the whole of My := X(M,T). This implies
M is smooth, allowing us to apply the short-term existence theorem,
contradicting the maximality of T. q.e.d.

3. The Pinching Function.

Now consider the symmetric, homogeneous degree zero function

g(z1,72) = ¢ (xmm> ,

Tmax
where Tmax 1= max{z1,z2}, Tmin := min{z1,z2}, and ¢ : [—a,00) - R
is defined by
—r 1—¢g
= . a> .
o(r) a+r @ 1+ ¢

Then g is smooth on T, \ {z € R? : 71 = x5}, with (assuming xo > x1)

(9" (@1, 22), §%(21,12)) = i(b’ (xl> (1, _$1> .

xI9 T2 o
Since ¢'(r) = (aj_rii)?v "
g is positive on T';, \ 'y, vanishes on OI'; and is negative on I'y. Now
define G(z,t) := g(k1(z,t), k2(x,t)). Then, proceeding as in Corollary
2.3, we see that initial upper bounds on G are preserved:

we have ¢° < 0 on T, \ 'y for each i. Moreover,

Lemma 3.1. The maximum of G is non-increasing under the flow:

3.1 G<cy = G.
Proof. The proof is similar to that of Corollary 2.3. q.e.d.

Now observe that, wherever o > z1,

g (@1, m0) = ¢ <x1> L

T2 i) '
Since ¢’ (r) = (aii‘i)g,, we see that §'! is positive on '\ T';.. It follows
from the homogeneity identities (2.6) that ¥ is positive on I'\ T'y for
each i,5 =1, 2.
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Following [24, 26] we consider, for some small positive constants &
and o,

Geo = (G—e)F7.
Observe that the upper bound on G implies
(32) Gsyo' S CQFU .

Our goal is to show that for every € > 0, there is some ¢ > 0 and some
constant K > 0 for which G., < K.

Lemma 3.2. Wherever k1 # ks, we have

(0 — L)Gey = — FO(FMGPETs — GRLEPITY ) by Vb

olc+1)
2

where we have defined (u,v)p = Fiuug, |u|p := \/(u,u)p and |h|% :=

FR B ™ By

2
(3.3) - FGWGW, VE)p + IVF2 + 0Geol|hl?,

Proof. We first compute
0Geo = F70,G + %GE,U@F

and
VG.g = F'VG+ 2Ge o VF.

It follows that

(3.4) LG., = F LG+ %GMEF n 2% (VGeo, VF),
o(oc+1)
- TG87O‘ VF’% .
Combining the first and third of these and applying the evolution equa-
tions (ii) and (iv) of Lemma 2.1 yields the result. q.e.d.

Unfortunately, the final two terms of the evolution equation (3.3) can
be positive, and we cannot obtain the required estimate directly from the
maximum principle, as in [1, 35]. However, the Stampacchia iteration
method of [24, 26] is still available to us. The first step is to show that
the spatial LP norms of the positive part, (G: )+ = max{G. 5,0}, of
G, are non-increasing in ¢ for large p, so long as o is sufficiently small.

4. The LP Estimates.
The goal of this section is to prove the following proposition.
Proposition 4.1. For all € > 0 there exist constants ¢ € (0,1) and

L > 1, independent of o and p, such that for all p > L the LP (M, u(t))
norm of (Ge (-, 1)) >

4 s non-increasing in t, so long as o < {p~z.
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To simplify notation, we denote E := (G¢»)+ := max{G: ,,0}. Then
EP is C! in the t variable for p > 1, with §; EP = pEP~18,G. ,. Recall
that p(t) denotes the Riemannian measure induced on M by the immer-
sion X(-,t). Since u is smooth in ¢, the integral [ EPdy is in C1(0,T).
We will show that

d
— [ EPdu <0.
dt/ ps

for large p and small o (as in the statement of Proposition 4.1).
The evolution equation (3.3) for G., implies [ E? du evolves under
the flow according to

(4.1) CZ/EW :p/Ep—%Gw du—irp/Ep_lF(’Rdu
VG, VF
_Qgp/Ep—1<’F>F du

VE

’2
+ po(o + 1)/EpF2F du

+ap/EP\h\%du—/EPHqu,

where R := (leﬁ’pq’m — Fklépqﬂrs)vkhpqv,hm, and the final term
comes from the evolution of du under the flow (Lemma 2.1, part (iii)).
We integrate the first term by parts:

/E“EGE,U dp= —(p— 1)/E”2!VGa,a!%du

- / EPLERTS ) By VGl djt

Using the expression for the gradient, VG. , = F'VG + G ,VF, we
find

/EplzGa,(, dp= —(p— 1)/EP2NGE,(,\% dp
- / EPTLFOGPIERTST by Vb dp

—0 / EPEYFPaRRrsg b by dp .
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Therefore,

(4.2)
d — —1 o
G [ Erdn= s [ BANGfdu—p [ E7E0Q,
—op / EPFYFPIERTSg b, N, dp

VG: s, VF
_Qgp/Ep—1<E’F>F du

VF|}
+p0(0+1)/Ep|F2|Fd,u+ap/Ep|h|%d,u

— /EPHF du,
where we have defined
Q = (GPajhlrs o pREmars _ GRS, B Ty
It will be useful to compare VI with Vh as follows:
Lemma 4.2. There is a constant cs > 0 for which
IVE|% < c3|Vh|?

along the flow.

Proof. This is a simple application of Corollary 2.4. q.e.d.

The first term of (4.2) is manifestly non-positive, vanishing only if
G.,s is non-positive or spatially constant. We can squeeze another good
term out of @ as follows:

Lemma 4.3. We have the following decomposition:

Q=01+ Q2,

where
o1 (VIGN? | 9.0 (VaG\?
Ql = flgll <11> + f2922 (22)
g g
+ 2% [(Vih12)? + (Vah12)?] |
and
2 41 31 2 41 i2
Q2 = (f S 2f> ViG Vihg + (f f_ 2f> VoG Vahit,
Ko — K1 K9 K2 — K1 R1
from which we deduce that
2 2
—F°Q< - (C1— Cop™2 — C3U)E|V;2|F + C4péNGE€’G|F ,

wherever G > 0, where C1, Ca, C3, and Cy are positive constants that
depend possibly on e, but not on o or p.
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Proof. Recall that
Q = (Grafpters 4 pHIGpars — GHEITS) by iy
We expand in an orthonormal frame of eigenvectors of W. Using (2.5),
we have
GPUERTSNT ) By Vi = FFSN .GV By
= V1R ViG + fP2V2h VG
+ f12V2h11 VoG + f12V1hoe VG

2 A1 2 1
f / V1GVohis + / /
K2 — R1 K92 — K1

Using VG = §'Vihi1 + ¢*Vihao, and the homogeneity identities (2.6),
this becomes

+ VoG Viho .

GPUEMTSNT L by Vi hs = E(v G)? i VaG)?
kllpg Viltrs — gl 1 ) + 92( 2 )
2 41 2 41
+ / / ViGVahis + / / VoG Vihot .
Ko — K1 K2 — K1

The decomposition Q = @1 + Q2 now follows from the definition of G
and equation (2.7) from the proof of Lemma 2.2.

We will now show that there are positive constants, Cq,Cy, Cs, Cy,
for which

i Vh
(4.3) Qi< — O F2|F

1 VG. |2 1 Vh|?
(44) and —F7Qy < Cyp? ’E€|F + (o + Cao) BIVAE F2|F :

Consider first (4.3). Since £ = (G. )+ vanishes unless G > ¢, we need
only consider the points with k € ' := {zx € I': ¢ < g(z) < ¢2}. Using
the estimate F < ¢ F7, it suffices to show that @1 = |Vh|71F2Q; has
a positive lower bound when Vh # 0. The quantity @1 is homogeneous
of degree zero in the principal curvatures, so we only need to obtain a
lower bound on the compact slice K := {x € T : |z| = 1}. Now, since
K is a compact subset of I, we have positive lower bounds for f, fi and
§% for each i, j = 1,2. Therefore, by the definition of Q1, Q1 vanishes on
K only if VG = V1his = Vahio = 0. Since VG = glvkhn +92th22,
this implies Vlhn = /il/lﬁgvlhgg = H,l/KQVthQ = 0, and similarly
Vaohag = 0. Therefore we must in fact have VA = 0. The claim follows
since | - | is equivalent to the usual norm.
We now show that (4.4) holds. Define
2 41 3l 2 1 (2
@ = f=r —2f— and ¢ = Uit} —QL-
R2 — K1 K2 R2 — K1 R1




18 BEN ANDREWS, MAT LANGFORD & JAMES MCCOY

Recalling that Vi Ge o = F7VG + £Ge o Vi F, we have
(4.5) F7Q2 = q1V1G: s Viha + 2V2Ge o Vah1t
o o
—q1—=EV1FVihoy — qo—=FEV9FVaohi1 .
Nz V1FViha 27 VaFVahiy

Since the derivatives f* are bounded above for x € K, and the de-
nominators in the expressions for ¢; and ¢o are bounded away from
zero for k € K, we have Fg; < C on K for each i = 1,2, where
C :=max{q; : k € K,i = 1,2}. Since Fg; is homogeneous of degree
zero in the principal curvatures, these bounds extend to I'..

We now apply Young’s inequality, |ab] < %(’I“CLQ + b2/r), twice to
equation (4.5) (with r = p%% for the first pair of terms, and r = 1 for
the second pair). We find

1 1
C |p2F|VG.,*> p 2E|Vh? o IVF|?  |Vh|?
FO’ < _ ) _
©“L<Fl"F 2 T F 2 'F > 3
ch 1 |VG57U‘% CCl _1 ach |Vh’%
< 5 P g + 5P’ + 5 (c1e3+ 1) EiF2 .
This completes the proof. q.e.d.

Corollary 4.4. There are constants D1, Dy, D3, Dy, D5, Dg > 0, that
are independent of o € (0,1) and p > 1, for which the following estimate
holds

d 3 _
(4.6) dt/Epd“ < - <p2 — Dip? —D2p> /Ep 2IVGeolfo dpe
1 Vh|?
~ (Dsp — Dap* ~ Dsop) / w0 g
+ Dg(op + 1)/Ep|h|%d,u.

Proof. Recall equation (4.2). Apply Lemma 4.3 to the second term.
The third term is estimated by noting that F Frafklrs g homogeneous
of degree zero in the principal curvatures, so that, estimating each of
these terms above by some constant, we obtain

- h|?
—op / EPFYEPARRLTS By NVihyg dp < Cop / EPWFJF du

for some C' > 0. The next term is estimated as follows

IVF[: | [VGeolh
F? E2

p—1

—2po

(VGe s, VF) < poEP <

VAIE |VGM!%>
F? E? '

< poE? <cl c3
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Finally, since —% is homogeneous of degree zero with respect to the
F

principal curvatures, it may be estimated above by some constant Dy,
which is sufficient to estimate the final term. q.e.d.

Notice that there are constants, ¢ and C' say, for which the first
two terms of (4.6) become negative for p and C' satisfying p > C and

o < cp_%. We now show that it is possible to estimate the final term
of (4.6) in a similar manner. To achieve this, we integrate LG, in
conjunction with a Simons-type identity, inspired by the procedures
carried out in [24, Lemma 5.4] and [26, Lemma 3.5]. In what follows,
o will always be restricted to the interval (0,1).

Lemma 4.5 (Poincaré-type inequality). There exist constants A;,
B; > 0, independent of p > 1 and o € (0,1), such that

/Ep’h%? < (Alp% + Agp + Agp% + A4) /EPQIVG&U‘% du
Vh|2

Recall the commutation formula (see, for example, [2, Proposition 5])
ViVihpg = V¥V ohi + high?pg — hpgh* i1 + high®pi — hpth*kq
Contracting with E yields the following Simons-type identity
Lhypy = FFN Y hyg + Fh?py — FFhpgh? + FF g h?y — F¥hyh?y, .
Contracting this with G yields
GPULNhpy = GPUEMN Y hyy + FGPUR?,, .
On the other hand, we have that
FMN NV hig = VYo F — FF3 00,V by
so that
GPILhy, = GPIV,V  F — GPUERTSY b, V iy + FGM R,
We now recall (3.4):
LG.y = FLG + %Gwﬁp + 2% (VG VF)
~o(oc+1)
2
= FO(EMGPIN,V hpy + FHGPI 1 hyg Vihys) + %GE,U,CF
o(loc+1)
2

G.o|VF|%

+ 2% (VG.y, VF), — G.o|VF|2.
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Putting this together, we obtain the following expression for LG ,:
(4.8) LG., = Fo(FHGrers — GMEPLS) by, Vihys + FOGHNV LV F
. 2

+ FOFGH B2, + %wa + F"NF, VGeo)r

_o(l+o0)

F2 GE,O’

VF|%.

Note the appearance of G¥h?y;. Since F'G is homogeneous of degree
zero in the principal curvatures, and strictly negative definite wherever
G:s > 0, we may estimate FGH < —~F* for some v > 0, whenever
kel :={z el : e <g(zx) <c}. In particular, FGHh? < —v|h|%.

Return now to equation (4.8). Applying Young’s inequality, we ob-
tain, wherever G, > 0,

2 2
%"WF, VG.o)r < oE ('VF|F + WGE""F) .

F? E?

Note that the terms F? (Fkl@pq” — leﬁ’pq’”) are homogeneous of
degree zero. Then we may estimate each of them above by some con-
stant, C'/100. Discarding the final term, recalling the estimates (2.8),
(3.1), and Lemma 4.2, and using o < 1, we arrive at

LG, < (C-|-20 alvh"%—' o Akl _ o2
o S 3+0’C302)F 7F2 + F°G" Vi Vi F —~vF |h|F
[VGeolt:

E?2
Now put the vF?|h|% term on the left, multiply the inequality by
EPFEF~?, and integrate over M to obtain

+ %GW,LF +oey O

W/Ep\h@ du < —/EPF—%GE,U du+/Eka’Vlequ

Vh|?
+ (C'+2¢3 + 06362)/EP|F2|F du
n U/Ep+1F1”£F dp + cza/EPQWG&U@d“'

We estimate the first term as follows:

Lemma 4.6. There are constants ay, as, b1 > 0, independent of p > 1
and o € (0,1), for which

_ / EPF~7LG.p dp < (arp+ as) / EP2|V G o3 dy

Vhl|2
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Proof. Integrating by parts, we find
— / EPF LG ydu=p / EPIFT VG, o|% dp
—0 / EPF~7"YVG. 5, VF)pdu
+ / EPF=O M7 0, VG o dp.

Since the terms FE¥-"s are homogeneous of degree zero in the principal
curvatures, they each have uniform upper bounds, so that

_/EngﬁG&‘,O' d,U/ S CQP/Ep2|VG57U’%d:u‘
2 2
i CQO'/Ep (|VG50’F + ‘VF‘F> dﬂ

E? F?
cC Vh|? VG, |?
P [ (1D Gy,

for some C' > 0. Therefore,

C
_/EPFU»CGa,U dp < <02p + 7 + 62261> /Ep2|VGa,U’%7 dp

caczo caCc |Vh|%
EP—2 du.
+< > T3 )/ 2

In a similar manner, we deduce the following:

q.e.d.

Lemma 4.7. There are constants as, ba,bs > 0, independent of p > 1
and o € (0,1), for which

/EkalevlF dp < CLSP% /EP2VG£70|%du

h
(b2p2 +b3 /Ep’v ’F du

Proof. Integrating by parts, we find

/EkaleVleu = —p/EP—l(;’“vawv,qu
— / EPFPIGHTSN ) by N g dpt

Again, each F2FPIGKLs is homogeneous of degree zero in the principal
curvatures, and, hence, uniformly bounded above. Thus

h
/ EPEPAGRLTS ) by Vihy dp < C / EPW |F dp



22 BEN ANDREWS, MAT LANGFORD & JAMES MCCOY

for some C' > 0.
We estimate the remaining term using —FG" < vF* and Young’s
inequality. We find

[ B dp < o EP(

‘VG&U‘% 4 T‘VF‘%’ d
2 F? H

for any r > 0. Choosing r = p~'/2 and estimating |VF|% < c3|Vh|Z
implies the claim. q.e.d.

The final term to estimate is [ EPHIF~1=9LF dy.

Lemma 4.8. There are constants ay, as, by, b, bg, independent of p >
1 and o € (0,1), for which

/EPHF_I_”EF dp < (CMP% + a5p% /Ep—2|VGs,cr|2F dp

h
(b4p2 + bsp~ 2+b6 /Ep|v |Fd

Proof. We again integrate by parts. We find
[ B LR = — 1) [ EPF (V60 V) pd

_,IVF|3
_|_(1+0-)/Ep+1F UTF

— / EPHI I fra Ry b Ny di

The first term is estimated using the Young’s inequality and the second
by Lemma 4.2. The third may be estimated by observing that the terms
FFPIFFTs are homogeneous of degree zero in the curvature, and hence
bounded above along the flow, and applying (3.2). We get, for some
C >0,

02 F2
/Ep+1F_1_U,CFd,LL§C;(p-f—l)/Ep(’VGe’ ‘F_’_T’V ’F) d,u

rE? F?
Vhl|3 Vh|2
+26263/Ep’F2‘FdM+C/Ep|F2’Fd/L.

, We arrive at

Choosing r = p~1/2

/EerlFl"ﬁF dp < %2(17 +1)p2 /EPZWGMPF dp

|Vh
+ <C203(p+ 1)p 2 +26203+C /Ep |F du

as required. q.e.d.

This completes the proof of Lemma 4.5. We now complete the proof
of Proposition 4.1.
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Proof of Proposition 4.1. Recall the inequality (4.6) of Corollary 4.4.
Combining this with Lemma 4.5 we find

d
7 /Ep dp < o <p2 — a10p? — anop® — azp? — aup
— Oé5p% — Ozg) /Ep_2|Ggyg|2 d,u
3 1
+ B (P — Prop2? — Baop — B3p2

1 Vh|?
— B1— Bsp 2)/EP|F2|du.

for some constants «;, 8; > 0 that are independent of o and p. The
claim now follows easily. q.e.d.

5. Proof of Theorem 1.2

We are now able to proceed similarly as in [24, Section 5] and [26,
Section 3], using Proposition 4.1 and the following lemma to derive the
desired bound on G ;.

Lemma 5.1 (Stampacchia [36]). Let ¢ : [ko,00) — R be a non-
negative, non-increasing function satisfying
B
aw(k), h>k>ky,

C
(5.1) p(h) < W

for some constants C >0, a >0 and B > 1. Then
SO(kO + d) =0 ’
aB_
where d* = C(ko)P~127-1.
Given any k > ko, where ko := sup,¢ (g 1) Supas Geo(+,0), set

e (GE,U - k:)_%r and Ap;:={r e M :v(z,t) > 0}.

We will show that |Ay¢| := fOT Ja,, du(t) dt satisfies the conditions of
Stampacchia’s Lemma for some kq 72 ko. This provides us with a con-
stant d for which the space-time measure |Ay, ;4| vanishes. Theorem
1.2 then follows straightforwardly. Observe that |Aj ;| is non-negative
and non-increasing. Then we only need to demonstrate that an inequal-
ity of the form (5.1) holds.

We begin by noting that

Lemma 5.2. There is a constant L1 > L such that, for all p > L4
we have

d
(5.2) T v,%d,u—i—/|Vvk’2d,u§C4(op+ 1)/ F2G§70d,u.
Ap,t

for some ¢4 > 0.
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Proof. We have

d _
T v,%d,u < /Btvz dp = / P(Geo — k)X latGa,a dp.
Ap,t

Proceeding as in Corollary (4.4), we obtain

d ~ 3 =~ _
o vpdp < — (p* — D1p? — Dop) /A (Geo )|V G o3 dp
k,t

1 D(op +1) / (Gero )P H dp

Ag,t

~ 1 ~
< —4ei(1—=Dip2 —D2p_l)/|vvk’%dﬂ

+ cq(op+1) / (GE,U){’FF2 du
Agt

for some constants 51, 52, c4, where we used
o D -2 2
|Vog|* = Z(Ge,a - k)i VGe ol

and estimated the homogeneous degree zero quantity \hﬁ; /F? above by
¢4/ Dg. The claim now follows. q.e.d.

Now set o/ = o + %. Then

/F2 (GE,U)’J’r dp = /(Gaa/)i du,

so that
(Geo)h _
63 [ Pas [ P [ (G
Ak,t Ak,t Ak,t

Skp/(Ge’a./)id/,L.

If we ensure

16 ¢ 1
PZmaX Llaﬁ ) U§§p27

we have p > L1 and ¢’ < Ep_%, so that, by Proposition 4.1,

(5.4) /A Pk / (Ge) dpp < k7 / (Ger (0))”dpo

< po(M) <k]?>p-

For large enough k, we can make the right hand side of this inequality
arbitrarily small. We will use this fact in conjunction with the following
Sobolev inequality (see [24]) to exploit the good gradient term in (5.2).
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Lemma 5.3. There is a constant c5 € [1/2,00), depending only on
n and the initial datum, such that

(5.5) (/uiqdu>; < e (/ Vo 2dp + /FQdu (/ v,zqd/i);) ;

for any q > 0.

Proof. Since we have the estimate H? < CF?, where C only depends
on the initial datum, this follows from the Michael-Simon Sobolev in-
equality [33] just as in [24]. q.e.d.

It follows from (5.5) and (5.4) that there is some k1 > ko such that
for all £ > ki we have

1
</v,§qd,u> ’ < 205/]Vvk\2du.

Therefore, from (5.2), we have for all k£ > k;

1
1 1
;/vzd,u + oo </ v2qd,u> ’ < cy(op+ 1)/ FQGQUd,u.
t Cs Ak,t

Integrating this over time, and noting that Ay o = 0, we find

T 1
(5.6) sup / vidp +/ </ v2qdu> " at
t€0,7]J Ay, 0

T
< 2¢5e4(op + 1) / / FQGQUd,u dt.
0 JAg:

We now exploit the interpolation inequality for LP spaces:
1-6) 10
[flao < P71 g
1

where 1 < g9 < ¢ and q% =1-0+ g. Setting 0 = o e obtain

qo—1 1
q
/ quo dp < / vidp / v2dp
Ap,t Akt At

Applying the Holder inequality, we obtain

1

T ) a0
(/ / vkqod,udt>
0 Apt
q0—1
ag T
< (sup/ v,%d,u) / </ v2qdu> dt
te[0,T] J Ay 0 Ap ¢

Q=
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_ao
We now use Young’s inequality: ab < (1 — q%) a1 —i—qiobqo on the right

hand side to obtain
1 1

a0 T q
/ / qod,udt < sup / v%du%—/ / v dp | dt.
Ak t tE[D,T] Ak,t 0 Ak,t

Recalling (5.6), we arrive at

1
T a0 T
(5.7) (/ / viqodu dt) < 2csc4(op + 1)/ FQGggdu dt .
o Jag, o Ja,

Now, using the Holder inequality, we have

T T
(5.8) / F2GP dpdt < | Ay, ( / / FQTng;,dudt>
0 Ak,t 0 Ak,t

_1
< CG|Ak,t|1 r

1
p

and

T 40
(5.9) / / vidpdt < |Agyl'” / / vidpdt |
0 JAk:

P
where cg := po(M) (’,Z—(l’) , and 7 is to be chosen. Finally, for h > k > ky

we may estimate

60’ k
|Ahty_// dpdt = // )+dudt
Apt Aht 5’ k>
—k
// )+dudt
An — k)P

so that, since Ay C Ay, and vk = (Geo — k:)+, we get

(5.10) (h— k) |Aht<// 2dpdt.
Agt

Putting together estimates (5.7), (5.8), (5.9) and (5.10), we obtain

2¢cycsc6(op+ 1)
(h — k)P

for all h > k > ky, where v := 2—%0—1. Now fix p > maX{Ll,p}

r

| Ak

and choose 0 < Epfé sufficiently small that op < 1. Then, choosing
r > qoqﬂl, so that v > 1, we may apply Stampacchia’s Lemma. We
conclude

At =0 Yk >k +d,
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o
where dP = 04662771—"_1’14]41,75’771- We note that d is finite, since 7' is
finite and

(Geo)t -
/ dp < / T+ dp < k7 /(Ga,a)ﬂ dp
Akl Akl 1

<k / (Geo (- 0)). duo

where the final estimate follows from Proposition 4.1.
Therefore, from the definition of Ay ;, we obtain G. , < k1 +d < o0.
Therefore,

— " <t (b +d)FC.
ako + K1

ar1+To
> f(z1,22)
on the compact slice K := T, N{A € RZ: A\ + Ay = 1}, we get bounds
on the whole cone, and hence we can estimate akq + ko < c7F for some

constant ¢7 > 0 (which is independent of ¢). It follows that
—k1 < eCF + cr(ky +d)F7
from which we easily obtain
—k1 < 2c7eF + C:.

is bounded above

Since the homogeneous degree zero quantity

for some constant C. > 0. This completes the proof of Theorem 1.2.
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