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WEEK 6: THE MAXIMUM PRINCIPLE AND PERRON’S METHOD

Perron’s method

We are now ready to complete the proof of our existence theorem,
which we now recall.

Theorem 1. Let Q C R" be a bounded domain of class C>* and suppose
that the coefficients (a,b,c) : QO — S"*" x R" x R are a-Holder continu-
ous, a is positive definite, and ¢ < 0. If f € C*(Q)) and ¢ € C>*(Q)), then

the Dirichlet problem
—(uijul-]- +bluj4cu) = f in Q
(1)
u=¢ on 90}
admits a unique solution in* C%* (6) * We will also see that existence (and
uniqueness) can be established in the
We achieve this using PERRON’s METHOD, which reduces solu- larger space C>*(€2) N C%(Q) if the

boundary data are merely continu-
ous and d() satisfies the exterior ball
(which we have established using the method of continuity and the condition.

bility of an equation in a given domain to its solubility in small balls

solubility, in C2* of Poisson’s equation over a ball).

The key tool is the maximum principle, which implies that any
subsolution taking the same boundary values as a solution u neces-
sarily lies below u. If there exists at least one subsolution, then the
“largest” subsolution exists. If this happens to be smooth, then it
must actually be a solution.

Let us recall the following estimate.

Proposition 2. Let Q3 C R" be a bounded open set with diam(Q) < R.
Suppose that the coefficients (a,b,c) : @ — §™*" x R" x R satisfy

all(x) > A6, ¢ <0, and A72b(x)]> — A7 Te(x) < A.
Ifu € C2(Q) N C%(Q) satisfies
— (aifui]-+biui+cu) <fin Q,
then
sgpu < max il +C51(1)pj;+,

where C = el¢IR,

Barrier subsolutions
Consider, then, the linear elliptic operator
L= aile-D]- + biDi +c.

We assume throughout this section that the operator L satisfies the
hypotheses of Theorem 1. In particular, L adheres to the maximum
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principle and the strong maximum principle. We shall, in addition,
assume a local solubility condition for Dirichlet problems correspond-
ing to L (to be made precise below). This condition may be verified
independently for Poisson’s equation (and hence, by the method of
continuity, for all L satisfying our hypotheses).

We say that a function v : {3 — IR satisfies —Lv < f (or that v is a
subsolution to the equation —Lu = f) IN THE BARRIER SENSE if, for
every O’ € Q and ¢ € C2(Q)) with —Lg = f in 0/,

v<gond) = ov<¢in Q.

Since L adheres to the maximum principle, any classical subsolution
v € C2(Q) is a subsolution in the barrier sense.

If f is continuous and we are able to solve the Dirichlet problem
for the equation —Lu = f in C? for sufficiently small balls about
any point of (), then the converse is also true; that is, every barrier
subsolution v € Cz(Q) is a classical subsolution. To see this, suppose,
to the contrary, that —Lv(xp) > f(xo) at some point xg € Q) for some
barrier subsolution v. Since f and Lv are continuous, we can find
r > 0such that —Lv > f on B,(xp) (in the classical sense). If r is
sufficiently small, then, by hypothesis, we may solve the boundary
value problem

{—Lgp = f in By(xp)
@ =0 on 9B,(xg)

in C2(B,(xp)) N C%(B,(x0)). So the maximum principle implies that
v > ¢ in By(xp). On the other hand, v < ¢ since v is a subsolution, so
we conclude that v = ¢. But then —Lv = f, in contradiction with our

assumption.
In fact, we will assume a slightly stronger local solubility condi-

tion?. Namely, for fixed « € (0,1), bounded domain QO C R", and 2 The following local solubility con-

right hand side f € C%(Q)), we assume that we can find, for every d‘?"tr,‘ will Sﬁﬁccgatq Otbt‘f‘m gl"bi“l
solutuons wi 77 Interior regular-

x € ), some r > 0 and some § € (0,1) such that B,(x) € Q) and the ity. To obtain C2* regularity up to the

Dirichlet problem boundary for the global solutions, we

—Lu—=fin B ( ) will need to make a corresponding local
{ u=fin By(y (2) solubility assumption.
u=¢ on aBér(y)

is soluble in C>*(By,(y)) N C°(Bs,(y)) over every By, (y) C By(x) for
every ¢ € CY(3B;,).

We may define barrier supersolutions analogously, and these will
satisfy corresponding supersolution properties.

Next observe that barrier sub- and supersolutions admit a compar-
ison principle.

Proposition 3. Suppose that u,v € C°(Q) satisfy, respectively, —Lu < f
and —Lv > f in the barrier sense. If u < v on 0Q), then u < v in Q.
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Proof. Set M = supg, (1 — v) and suppose, contrary to the claim,
that M > 0. Sinceu —v < 0on d), we can find xp € Qandr > 0
such that u(xg) — v(xg) = Mand u —v # M on dB,(xg). In fact,

we can also arrange that r is as small as we like, so that we may find
solutions #, 5 € C2(B,(xp)) N C%(B,(xp)) to the Dirichlet problem for
L in B,(xg) with respective boundary data u and v on 9B, (xg). Note
that u < wand v > 7 in B,(xp). So the maximum principle implies
that

M= (1 =0)(x0) < (7-7)(x0) < max (7 —7) = max (1 —0) < M,
and hence (1 —7)(xp) = maxg (# — ). That is, # — T attains its
maximum at an interior point. But this violates the strong maximum
principle since # — 7 is not constant. O

We need one last lemma.

Lemma 4. Ifu,v € C°(Q) are both barrier subsolutions to the equation
—L¢ = f, then the function max{u, v} is also a subsolution.

Proof. Exercise. ]

Consider now the Dirichlet problem

{Lu:f in O

u=¢ on Q). G)

Define the PERRON (SUB)SOLUTION u : {J — R by
u(x) =sup{v(x) :0 € C’(Q), ~Lv < f inQ, and v < ¢ on 3O} .

We shall call a function v € C%(Q) satisfying —Lv < f in Q (in the
barrier sense) and u < ¢ on 0() a (BARRIER) SUBSOLUTION TO THE
DIRICHLET PROBLEM (3).

Observe that u takes finite values. Indeed, choosing ¢ so that

A=algEi+ b8 +c>0

and setting d = sup, (¢ - x) and d = infyeq € - x, we find that the
function u € C°(Q)) defined by

u(x) = —sup(—). e (& e¥F) sup )t
Q) Q
satisfies —Lu < fin Q and u < ¢ on 0Q). Thus (by definition of u)
u > u in Q) and hence

i?)fu > —sup(—¢) 4 —elfRsup % , 4)

e[e) Q
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where R > diam Q). On the other hand, since the function

ex":> sup ff
Q

is a supersolution to the Dirichlet problem, Proposition 3 yields

i(x) =suppy +e 4 (eg -
o)

supu <sup¢ + el¢IR sup fx .
Q Q) Q A

We conclude that
sup |u| < sup |¢| + Csup |f], (5)
Q 0 Q

where C depends only on 7, R, and the coefficients of L.

Smoothness of the Perron (sub)solution in the interior

We claim that u € C>*(Q) and —Lu = f. To see this, fix some x € Q)
and let u; € C%(Q) form a sequence of subsolutions to (3) such that
uj(x) — u(x). Given r < 1 sufficiently small, we can, by hypothesis,
find a function U; € C%(Q)) N C**(B,(x)) satisfying U; = ujon
O\ B,(x) and

{—Luj =f in B,(x)

U; = uj on 9B(x).

The interior Schauder estimate, Proposition 2 and the estimate (5)
yield

[Ujlc2aB, 5 < C (S;)P ]+ |fca(n)> /

where C depends only on 7, «, and the coefficients of L. So the
Arzela—Ascoli theorem implies that a subsequence of the functions
U; converges in C2%(B,/2(x)) to some limit U € C>*(B,5(x)) satis-
fying —LU = f in B, /5(x). Moreover, since u;(x) — u(x) and (by
Proposition 3) u; < Uj, we find that U(x) > u(x). On the other hand,
by the definition of u, U < u in B, /5. So U(x) = u(x).

We claim that U = u in B, (x) for some 6 > 0. Suppose, to the
contrary, that for any 6 > 0 we can find y € By, (x) such that U(y) <
u(y). By the definition of u, we can find a subsolution v € C°(Q)
to (3) such that U(y) < o(y) < u(y). Setv; = max{Uj,v}. For
J sufficiently small, we can find a function V; € C%(Q) satisfying
Vi =9vjon Q\ By (y) and

j
{—LV]‘ = f in Bys(v)
Vi =v; on 9By (y).

Since U; < Vj on 0By, we have U; < V;in By, (y). Since Vj is a
subsolution to the Dirichlet problem (3), we also have V] < uby
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the definition of u. Since v is a subsolution and v < V; on 9By, we
also have v < Vj in By, In particular, lim; . Vi(x) = u(x), and
U(y) <limj e Vi(y) < u(y).

Since V; = v; > U; on Q\ By (y), the interior Schauder estimate,
Propositions 2 and 3 and the estimate (5) yield, for j sufficiently large,

Vilc2a(yy ) < C (S;gﬁ [ + |f|cvc(0)> ,

where C depends on 7, &, and the coefficients of L. So the Arzela—
Ascoli theorem implies that a subsequence of the functions V; con-
verges in C?(Bys,(y)) to some limit V' € C?>*(Bys,(y)) satisfying
LV = fand U < V < win By (y), and U(y) < V(y). Since
—LU = —LV = fin By (y), U < Vand U(x) = V(x) at x € Bs (),
the strong maximum principle implies that U = V in By;(y), in
contradiction with the inequality U(y) < V(y).

We conclude that U = u in By, (x). But then u € C**(Bs,) and
—Lu = f in Bg,. The claim follows since x was arbitrary.

Continuity of the Perron solution up to the boundary

So we have found a solution u € C?(Q) to the equation —Lu = f.
However, we have not yet shown that u attains the boundary values
¢. This will be possible so long as Q is of class C. In fact, it suffices
for () to satisfy the EXTERIOR BALL CONDITION, which means that
for each point xp € 9Q we can find a ball B C R" \ Q such that
BNQ= {XO}.

So fix xg € 9Q). We need to show that u(x) — ¢(x) asx — xo.
To do this, we shall construct upper and lower barriers for u near x
which take values arbitrarily close to ¢(x() at x¢. First observe that
we can find a function w : O — R such that —Lw > 1in ), w > 0 on
00\ {xp}, and w(xp) = 0. Indeed, given a ball B,(p) in R" \ () such
that B,(p) N Q = {x}, we can set

w(x) = wye(x) = p (77‘7 —|x— P|7a)

for suitable # > 0 and ¢ > 0. To see this, observe that

i(x—p)i (x—p)j ;
—Lwye > W (U(U—i—Z)a’] (x—l;)| = P|] -0 (tra—i—bl(x—p)i)) .

The claim follows from the uniform positivity of a and the bounds
for a and b.

Now fix any sequence of numbers ¢; ~\, 0 and, for each 7, choose
d; > 0such that |[p(x) — ¢(x0)| < &; for x € By, (xp) N 3. We may
further choose k; > 0 so that

kw > sup [¢] + Csup | f] + |p(x0)| on 3B (x0) N2,
Q) Q

6
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where C is the constant in the estimate (5). If we also ensure that
ki > supq |f + c¢p(xp)|, then we find that the functions

w; = ¢(xg) —kjw —¢; and W; = P(xg) + kjw +¢;,

satisfy
_Lwi <0 in B(gi(XO) naQ
w; < ¢ on B (xg) N0
w; <M = —sup|¢| — Csup |f| on 9Bs (x9) N
a0 0
and

—Lw; >0 in Bgi(xo) nQ
w; > ¢ on Bgi(XO) NaQ
wW; > M = sup |¢| + Csup|f| on 9Bs (xp) N Q).
Q) Q

Finally, we set

. [max{w;,m} in B (xo) N Q2
u; = —
B m in Q\ By, (xo)

and
| min{w;, m} in Bs (x9) NQ
u; = —
l 7ii in O\ Bs,(x0),
where B
7l = sup ¢+ +e 4 (ed - ex'é) sup fr
Q) Q A
e ()
- 3 _ _ a4 d _ X )+
m= %rgl)f( $)+ —e (e e ) sup ~— .

Q

By Lemma 4, u; and #; are, respectively, sub- and supersolutions to
the Dirichlet problem (3), so we find that u; < u < u;. Taking i — oo
then yields u(xg) = ¢(xp). Since xo was arbitrary, we conclude that
ulon = ¢

It remains to prove that u is of class C>* up to the boundary of Q)
(assuming Q) is of class C>*, ¢ € C>*(Q) and f € C*(Q)). But let us
first note that we have proved the following result.

Theorem 5. Let 3 C IR" be a bounded domain which satisfies the exte-
rior ball condition (e.g. 9QY is of class C2) and suppose that the coefficients
(a,b,c) : Q — S x R" x R are bounded and «-Hélder continuous, a
is positive definite, and ¢ < 0. If f is bounded and a-Holder continuous and
¢ € C°(9Q)), then the Dirichlet problem

—(aijui]- +b'uj4cu) = f in Q

(6)
u=¢ on 90}

admits a unique solution in C>*(Q) N C%(Q).
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Smoothness of the Perron solution up to the boundary

Finally, we prove (under the full hypotheses of Theorem 1) that u €
C%%(Q), so long as the local solutions (to the problems (2)) are of
class C>* up to the boundary.

Fix some xg € 9Q). Since ) is of class C>%, we can find a neigh-
bourhood (in R") U of x(, an open set V C R" containing By, a C>*
diffeomorphism @ : U — V, and some p > 0 such that B C ®(Q))
and B, (Xp) N9B; C ®(0Q2NU) C 0By, where Xy = P(xp).

Set (4,b,¢) = (a,b,c) oCI>71|§1, f=fo q)71|§1, and il =uo CD*1|§1,
and let ¢ : B3/, — R be the radial extension of #; that is, ¢(x) =
|x|id(x/|x|) for x # 0and ¢(0) = 0. For each k € N, consider
$r = ¢ * 171/, where 7 is the standard mollifier. Note that ¢ — ¢
in the uniform topology and |@x|cax (s, (z0)) < 2|¢lc2a(s,(xy)) for k
sufficiently large.

By hypothesis, we can find, for each k € IN, a solution #; €
C%*(By) to the Dirichlet problem

{—iﬁk :f~ in B1

ﬁk :(ﬁk on aBl,

where L = 4/ D;D; + b*Dy + ¢. It follows from the maximum prin-
ciple, the interior Schauder estimate, and the boundary Schauder
estimate, in conjunction with the Arzela—Ascoli theorem, that, after
passing to a subsequence, the solutions 7} converge to some limit

flo € C°(B1) N C?(By) N C>*(By N By(%y)) uniformly in By, in C? on
compact subsets of By and in C2(B; N B,(%y)). But since il takes the
same boundary values as i, we must have o = #i. The claim follows.

Parabolic equations

Perron’s method is readily adapted to parabolic equations3. We hope 3In this context, it is known as the

that you may find this at least plausible, if not convincing, as we do Perron—Wiener—Brelot method. See,

and Monographs, vol. 182, American
Mathematical Society, 2012).

Exercises 41.e. I do not have time to write it.

Exercise 1. Prove Lemma 4.

8

. . e.g., Neil A. Watson Introduction to Heat
not have time to cover it!4 Potential Theory (Mathematical Surveys
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